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Abstract 

In this note we give a generalization of the well-known Menon's 
identity. This is based on applying the Burnside's lemma to a certain 
group action. 
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1 Introduction 

One of the most interesting arithmetical identity is due to P.K. Menon [7j. 
Menon's Identity. For every positive integer n we have 



a£U(Z n ) 

where U(Z n ) = {a G Z n | gcd (n, a) = 1}, ip is the Euler's totient function 
andr(n) is the number of divisors of n. 

This identity has many generalizations derived by several authors (see, for 
example, [lj-[6], [El ED] and [TS]-[2D]). An usual technique to prove results 
of this type is based on the so-called Burnside's lemma (see jHj) concerning 
group actions. 

Burnside's Lemma. Let G be a finite group acting on a finite set X and 
let X 9 = {x e X \ g ■ x = x}, for all g G G. Then the number of distinct 
orbits is 





The starting point for our discussion is given by the open problem in 
the end of Section 2 of [16] that suggests to apply the Burnside's lemma to 
the natural action of the group G of upper triangular matrices contained in 
GL r (Z n ), that is 
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Following this idea we obtained an interesting generalization of the Menon's 
identity. Denote T\{n) = r{n) and Ti(n) = \Jrj_i((i), for all i > 2. We 

d\n 

remark that an alternative way to define these functions is Tj = 7"j_i * e, 
where * denotes the usual Dirichlet convolution and e(n) = 1 for all n G N. 
In other words, Tj = e^ +1 \ where e^ +1 ) is the [i + l)th power under the 
Dirichlet convolution (see e.g. [9j[12]). Our main result is: 

Theorem. For every positive integers n and r we have 

r 

r(r— 1) 



l ),i=l,r k = l 



a-ij l<i<j<r 



where 

4 = gcd I n, 



na lk 



na 2 k 



gcd (n, a n -l, a 12 , a lfe _i) ' gcd (n, a 22 -l, a 23 , 



«2fc-l, 



gcd (n,a fc _i fc _i-l) 



a kk -l V = l,r. 
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2 Proof of the main theorem 

We will proceed by induction on r. Obviously, for r = 1 the equality (*) is 
the Menon's identity. 

In the following we will focus on the case r = 2 (this is not necessary, but 
very suggestive for the general implication step). We have to prove that 

(!) Yl gcd (w, On-1) gcd f n, 710,12 — — , a 22 -l J = nip(n) 2 r 2 (n) . 
„„±^ V gcd(n,a n -l) J 



<»226 (7 ( z n) 

Clearly, two elements x = an d 2/ — °^ ^ are con ta me d in the 

same orbit if and only if there is g = ( ^ n ° 12 ] EG such that y = g ■ x, i.e. 

\ U 022/ 



(2) 

We observe that (2) is equivalent to 
(2') 

that means 
(2") 



a n xi + a u x 2 = yi 

d 22 X 2 = J/2- 



( X2 ) = (y 2 ) (= H ) 

( Xl H) = ( Vl H) in Z n /H, 



o(x 2 ) = o(y 2 ) = 5 G L n 
o H (xi) = o H (y l ) =5' E Ln, 

where for a positive integer m we denote by L m the lattice of divisors of m. 
In this way, one obtains 

(3) N = | {(*, 5') | 5 e L n , 5' e L» } | = £ = £ r(*) = r 2 (n). 

8\n S\n 

Remark. For r = 2 an explicit formula of N can be given, namely if 
n = p^p^ 2 • ■ -Ps s is the decomposition of n as a product of prime factors, 
then 
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Next we observe that for a fixed q = { ^ n ° 12 G Gwe have x = { 



X 9 if and only if g ■ x = x, i.e. 

(an - l)x 1 + a 12 x 2 = 
(a 22 - l)x 2 = 0. 



(4) 



By multiplying the first equation with gcd ( n " n -i) > ^ follows that (4) is equi- 
valent to 



(4') 



" ai2 u x 2 = 

gcd(n,an-l) z 
(a 2 2 - 1)^2 = 



and consequently to 
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x 2 e< 
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n 



) = (- 



n 



gcd(ra, an-1) 

So, x 2 can be chosen in gcd(n, j^7^^~n ? °22 — 1) ways. Moreover, we easily 
infer that for each such choice x\ can be chosen in gcd(n, an — 1) ways. 
Hence 



X 9 | = gcd(n, an — l)gcd ( n, 



na 12 



gcd(n, an - 1) 
which together with (3) lead to (1), as desired. 



, a 22 - 1 , 



Finally, we will prove the general implication step. Assume that (*) holds 



for r — 1. Two elements x 



x 2 



\x r J 



and y = 



2/2 



of X belong to the same 



orbit if and only if y = g ■ x for some g 
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/ an a 12 
a 22 







ai r \ 

a 2r 



E G, i.e. 



(5) 



a 11 x 1 + a 12 x 2 H V a lr x r = y x 

a 22 x 2 + a 23 x 3 H h a 2r x r = y 2 



The equalities (5) are equivalent to 

(x r ) = (y r ) 

{xr-iHx) = (yr-iH-i) in Z n /H l 



(5') 



where 



(x 1 H r - 1 ) = (yiif r _i) in Z„/if r _i, 

#1 = (a: r ) = (y r ), 

H 2 = (x r - 1 ,x r ) = (y r -i,y r ), 



which means 



(5") 



H r -1 = (x 2 , X 3 , X r ) = (y 2 , J/3, -, 2/r), 



o(x r ) = o(y r ) = 5i e L n 
o Hl {x r -i) = o Hl (y r -i) = 5 2 e Ln_ 



It is now easy to see that 

(6) JV = | {((Ji,<J 2 ,...,5r) I *1 £ L n ,5 2 G Ln ,...,(J r G L__2L__}| 
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On the other hand, given g 
X 9 if and only if 
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G G, we have x- 



Ojfp J 



\x r J 



(a u - l)x 1 + ai 2 x 2 H h a ir x r = 

(a 22 — l)x 2 + a 23 x 2 H h a 2r x r = 



By multiplying the first equation with —r, T , the second one 

J ^ gcd(n,aii-l,ai2,...,ai r _i) ' 

with — T7 t~~ T and the last but one with — Tl ^ , (7) 

gcd(n,a 2 2-l,a23.---.a2r-l) ' ' gcd(n, a r _i r _i-l) ' V > 

becomes a system in x r that has 

/ nai r na r - lr 

d r = gcd n, — — r , — — — , a rr -l 

\ gcd(n,an-l,ai2,...,ai r _i) gcd (n, a r _i r _i-l) 

solutions, namely 27 G (j-). Put 27 = 7^ with 7 G {0, 1, ...,d r — 1}. Then 
(7) can be rewritten as 



(7') 



(an - l)x 1 + ai 2 x 2 H h ai r _i2; r _i = — 7^ai r 

(a 2 2 - l)x 2 + a 23 x 3 H h a 2r _ix r _i = -7i;a2r 

(flr-lr-l — l)x r - 1 = — 7^r<2 r _i r . 



If (x? , x 2 , is a particular solution of (7'), then one obtains a homo- 

geneous system 



(7") 



(a u - l)(xi - x?) + ai 2 (x 2 — x°) H h ai r _i(z r _i - rr^Lj = 

(a 22 - l)(ar 2 - z 2 ) + 023(^3 — x°) H h a 2r _i(x r _i - = 



(Or-lr-l - l)(^r-l ~ = 

with Hfe=i dk solutions by the inductive hypothesis. We infer that 

r 

i x° i = n 4, 



*;=i 



which together with (6) lead to the equality (*). This completes the proof. ■ 

Acknowledgements. The author is grateful to the reviewer for its remarks 
which improve the previous version of the paper. 
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